
Independent Component Analysis (ICA)

1 Introduction to Independent Component Anal-
ysis (ICA)

Independent Component Analysis (ICA) is a computational technique used to
separate a multivariate signal into additive, independent components. It is
primarily applied when the observed signals are linear mixtures of underlying
independent sources. This method assumes that the sources are non-Gaussian
and statistically independent.

Given an observed data matrix X ∈ Rn×p (with n observations and p vari-
ables), the ICA model can be written as:

X = AS

where:

� X is the matrix of observed signals.

� A ∈ Rn×m is the unknown mixing matrix.

� S ∈ Rm×p is the matrix of independent source signals.

The goal of ICA is to estimate the unknown source signals S and the mixing
matrix A from the observations X. This is achieved by finding an unmixing
matrix W such that:

S = WX

where the rows of S are as statistically independent as possible.

1.1 Basic Assumptions in ICA

The following key assumptions are made in ICA:

1. Statistical Independence: The source signals S = (s1, s2, . . . , sp) are
assumed to be statistically independent.

2. Non-Gaussianity: The source signals are non-Gaussian. This assump-
tion is crucial because of the central limit theorem, which states that the
sum of independent random variables tends to be Gaussian, regardless of
the distribution of individual variables.

3. Mixing Model: The observed signals are linear mixtures of the source
signals, i.e., X = AS.
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2 Whitening the Data

Before performing ICA, it is common to preprocess the data by whitening it.
Whitening transforms the observed data X such that its components are uncor-
related and have unit variance. This simplifies the ICA problem.

2.1 Steps for Whitening

1. Compute the covariance matrix of X:

CX =
1

n
X⊤X

2. Perform eigendecomposition on CX to obtain the eigenvalues Λ and eigen-
vectors V:

CX = VΛV⊤

3. Transform the data using the whitening matrix:

Z = Λ−1/2V⊤X

After whitening, the covariance matrix of Z is the identity matrix, i.e., Z⊤Z = I.

3 Minimizing Mutual Information in ICA

3.1 Mutual Information

Mutual information measures the statistical dependence between two random
variables. It quantifies how much knowing one variable reduces the uncertainty
about the other. For two random variables X and Y , mutual information is
given by:

I(X;Y ) =

∫︂ ∫︂
p(x, y) log

(︃
p(x, y)

p(x)p(y)

)︃
dx dy

where p(x, y) is the joint probability distribution of X and Y , and p(x), p(y)
are the marginal distributions.

In ICA, the goal is to find a transformation that makes the components of S
as independent as possible. Since independence implies zero mutual information,
we aim to minimize the mutual information between the components of S.

3.2 Mutual Information in ICA

Let S = WX be the independent components. The mutual information between
the components of S is given by:

I(S1, S2, . . . , Sp) =

p∑︂
i=1

H(Si)−H(S)
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where H(Si) is the entropy of the i-th independent component, and H(S) is the
joint entropy.

Since the mutual information is minimized when the components are inde-
pendent, ICA attempts to minimize:

I(S) =

p∑︂
i=1

H(Si)−H(S)

However, calculating mutual information directly is complex. Therefore, ICA
algorithms such as FastICA use indirect methods, such as maximizing non-
Gaussianity, which is related to minimizing mutual information.

3.3 Practical Approaches to Solving ICA

3.3.1 FastICA Algorithm

FastICA is a widely used algorithm for solving ICA by maximizing the non-
Gaussianity of the components.

1. Center the Data: Subtract the mean from the observed data X.

2. Whiten the Data: Transform the data into uncorrelated components
with unit variance.

3. Maximize Non-Gaussianity: Use a function such as kurtosis or negen-
tropy to measure non-Gaussianity. FastICA finds the independent com-
ponents by maximizing non-Gaussianity.

4. Iterate Until Convergence: The algorithm updates the unmixing ma-
trix W iteratively until the independent components are found.

3.4 Maximizing Non-Gaussianity as a Proxy for Minimiz-
ing Mutual Information

In practice, mutual information is difficult to compute. Instead, ICA algorithms
typically maximize the non-Gaussianity of the components, which is a good
proxy for minimizing mutual information due to the central limit theorem. Non-
Gaussian signals are more likely to be independent.

The non-Gaussianity of a signal can be measured using:

� Kurtosis: The fourth moment of the distribution, measuring its ”tailed-
ness.”

� Negentropy: A measure of how far a distribution is from a Gaussian
distribution. Higher negentropy indicates greater non-Gaussianity.
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4 Practical Recommendations for ICA

� Preprocessing: Always center and whiten the data before applying ICA.
Whitening simplifies the estimation of the independent components by
removing second-order dependencies.

� Non-Gaussianity: Ensure that the source signals are non-Gaussian.
ICA does not work well for Gaussian sources.

� Number of Sources: Ensure that the number of observed signals is at
least as large as the number of independent sources. ICA cannot recover
more sources than the number of observed mixtures.

� Outliers: Be cautious of outliers in the data. ICA is sensitive to outliers,
which can distort the estimation of independent components.

5 Conclusion

Independent Component Analysis (ICA) is a powerful technique for blind source
separation, particularly in situations where the underlying sources are indepen-
dent and non-Gaussian. By leveraging the minimization of mutual information,
ICA algorithms such as FastICA can efficiently recover independent components
from mixed signals. With proper preprocessing and careful handling of data,
ICA is applicable in various fields such as signal processing, neuroscience, and
financial analysis.
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