Applications of Autoencoders: A Mathematical
Perspective

Introduction

Autoencoders are neural networks designed to learn efficient representations of data
through unsupervised learning. By encoding input data into a compressed latent space
and then reconstructing it, autoencoders have found wide-ranging applications. In this
document, we explore several applications of autoencoders, including anomaly detection,
generating new samples, feature selection, and missing value imputation, while elaborat-
ing on the mathematical formulations behind each.

1 Anomaly Detection

Autoencoders can identify anomalies by comparing the reconstruction error of input data.
The premise is that anomalies, being outliers, cannot be effectively reconstructed by a
model trained on normal data.

Mathematics

Given input data X € R™*? the autoencoder maps X to a latent space:

Z = fencoder (Xv eencoder)7

where Z € R™™ and m < d. The decoder reconstructs the input:

X = fdecoder(Z; 6decoder> .

The reconstruction error is measured as:
Error(X, X) Z 1X; — X; 2.

Anomalies are detected when the reconstruction error exceeds a predefined threshold 7:
Anomaly <= Error(X,X) > 7
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2 Generating New Samples

Autoencoders can be used to generate new data by sampling or interpolating within the
learned latent space.

Mathematics

Let the latent representation of the input be Z:
Z = fencoder <X7 eencoder>-

To generate new data:

e Sample from a latent space distribution Ze,, ~ N (i, 0%), assuming the latent space
follows a Gaussian distribution.

e Decode the sampled latent vector:

Xnew = fdecoder (Znew; Gdecoder) .

Alternatively, interpolation between two latent vectors Z; and Z, generates intermediate
samples:
Zinterpolated =aZ; + (1 — Oé)ZQ, o € [O, 1]

3 Feature Selection and Dimensionality Reduction

Autoencoders compress data into a lower-dimensional latent space, effectively learning
features that capture the most significant variation in the data.

Mathematics

Given input data X € R™? the encoder reduces it to Z € R™™, where m < d. The
reconstruction objective is:

1 & .
L= - Z 1X; — Xil)3-
=1

The latent representation Z serves as a reduced feature set, often replacing traditional
techniques like PCA.

4 Missing Value Imputation

Autoencoders can handle missing values by reconstructing the data using the learned
latent space.



Mathematics

Let X be the input data with missing entries and M € {0,1}"*¢ be a binary mask where
M;; = 1if X;; is observed and M;; = 0 if Xj; is missing. The loss function becomes:

1 N2
L=—" M,(X,—Xi-) .
Z”Mw; ! ! !

After training, missing values X;; where M;; = 0 are imputed by the reconstructed values
Xij-

5 Denoising and Robust Data Recovery

Denoising autoencoders are designed to reconstruct clean data from noisy inputs, learning
robust data representations.

Mathematics

Given noisy input X = X + €, where € is noise, the autoencoder minimizes:
n
1 > 112
L==>|IX;— X3,
n -
=1

ensuring X, closely approximates the original clean data X;.

6 Other Applications

1. Data Compression

Autoencoders compress data by encoding it into a smaller latent space and decoding it
back with minimal reconstruction error.

2. Clustering

Latent representations from autoencoders can be used with clustering algorithms (e.g.,
k-means) to group similar data points effectively.



3. Transfer Learning

Pretrained autoencoders provide feature representations that can be reused for down-
stream tasks like classification or regression.

Conclusion

Autoencoders are versatile tools in machine learning with applications spanning anomaly
detection, data generation, feature selection, and more. Their ability to learn compact,
meaningful representations makes them indispensable for addressing challenges in modern
data analysis.
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